Abstract. Analytical solutions for optical systems driven by exponential pulses are presented. In particular we obtain the solutions of the Bloch equations for arbitrary relaxation constants and detuning. We discuss also the solutions for the system consisting of a bound state coupled arbitrarily to a continuum.
Introduction
Recently there has been a renewed interest in the study of atomic systems subjected to a time-dependent (pulse) excitation. The reason for that is obvious. Firstly, pulsed lasers are commonly used in experiments. Secondly, recent theoretical studies have predicted novel coherent phenomena, e.g. multi-peak splitting in resonance fluorescence spectra (Rzqzewski and Florjariczyk 1984 , Lewenstein et a1 1985 , Florjariczyk et a1 1985 and in double optical resonance (Greenland 1985 , Greenland et a1 1985 . Analogous structures in the photoelectron spectrum appear in laser-induced autoionisation (Rzqzewski 1983 , Rzqzewski et a1 1985 . Also many new solutions for the problem of a two-level system driven by a pulse have recently been found (Bambini and Berman 1981 , Hioe 1984 , Hioe and Carroll 1985 .
It is interesting to look for generalisations of the results for undamped systems in the presence of relaxation. Robiscoe (1978) showed that the solutions for the undamped system are easily transformed to include a decay outside the system (i.e. fluorescence to a third level). A general discussion of the damped Bloch equations for a two-level atom was presented by Kaplan (1973 Kaplan ( , 1975 .
Much effort has already been devoted to the study of various exponential pulse shapes, for example:
(i) an exponentially growing pulse
(ii) an exponentially decaying pulse
f(t) = exp(-yltI).
(iii) the smooth switch-on of a c w laser (Kaplan 1973 (Kaplan , 1975 , Schrodinger equations (Radmore 1982) and autoionisation (Rzqzewski et a1 1985) . The aim of our paper is to present a generalisation of the known solutions for the pulse shapes (i)-(iv), In particular we find the analytic solution of the Bloch equations with arbitrary damping constants, detuning and pulse duration. As far as we know, this is the first analytic solution of such a general category. Apart from that, applying a similar method, we solve the Schrodinger equations for the pulse (i) which describes a model of a bound state coupled arbitrarily to the ionisation continuum.
Theory
The Bloch equations for the two-level system have a general form:
We shall concentrate on the case of an exponentially growing pulse and briefly discuss the other cases. As a first step we introduce the new variable
( 2 )
Equations (1) then reduce to:
The general solution of (3) consists of any special solution of (3) and a linear combination of all three independent solutions of the homogeneous part of (3) ( weq = 0). The special solution may be obtained making the following ansatz: v, = where hypergeometric function (Luke 1969 ).
= AI2 y and Tl, j 2 , ho are defined in the same way. pFq denotes the generalised
In order to find the three solutions of the homogeneous part of (3) we substitute
The exponents A i ensure the proper behaviour of (6) in t..e vicinity of the singular point z = 0. After a straightforward albeit tedious manipulation we obtain the general solution in the form:
The above formulae allow us to construct the solutions of (4) for arbitrary initial data at t = to. Note, however, that all the functions (7) diverge at z = 0 ( t = -00). This means that the only meaningful initial data at t = --CO are u(--co) = u(-00) = 0, w( -CO) = weq. In this case the solution is simply given by formula (5). Two particular cases have already been found by Kaplan (1973 Kaplan ( , 1975 :
( a ) for A = 0 the equations (3) reduce to a set of two equations. Solutions are then given in terms of Bessel and Lommel functions; ( b ) for A = Sz, and y = y 1 -y 2 the equations (3) can be also reduced to a set of two equations.
In figures 1-3 we illustrate the essential properties of the solution (5) (w(-co) = weq, U( -C O ) = v ( -m ) = 0). Figure 1 shows the dependence of the inversion w ( r ) on the Rabi frequency. Figure 2 illustrates the effect of the detuning. Already for K = -1 the adiabatic following approximation (Allen and Eberly 1975) gives the correct shape of the envelope of w( t ) . We have checked that for larger /&I the Rabi oscillations disappear and the full solution is well approximated by the adiabatic following formulae. In figure 3 we show the influence of the relaxation. Note that the Rabi oscillations are smeared out and that the saturation ( w = 0) occurs for sufficiently strong pulses.
The solutions for the exponentially decaying pulses are obtained from (5)- (7) by the simple substitution y + -y . Obviously the full solution (5)-(7) must be used for an arbitrary set of initial data. It is algebraically more difficult to write down the solutions for the cusp pulse, as one has to assure the continuity of U( t), U( t ) and w( t ) at t = 0. For the problem of the smooth switch-on the solution ( 5 ) defines the initial data for the well known solution of the time-independent Bloch equations.
The successful use of ansatz (4) tempted us to treat in a similar manner the problem of a bound-free transition. The Schrodinger equations in this case take the form:
here denote the probability amplitudes of occupying the bound and continuum states respectively. d ( w ) is the w-dependent bound-free coupling strength (of arbitrary shape). The last term in equation ( 8 a ) represents the AC Stark shift. The origins of this term may come from the elimination of eventual additional non-resonant states. The shift is proportional to the actual value of the laser intensity. The proportionality constant a has the dimension of frequency and is of the order of the detuning of the non-resonant states. The last term in ( 8 b ) represents the possible spontaneous recombination from the continuum to some additional side levels. ys is here a spontaneous emission rate (for the derivation see e.g. Lewenstein et a1 1985) . The equations (8) are rather difficult to handle due to their integro-differential character. Depending on the choice of d ( w ) they may describe, for example, laserinduced autoionisation (Rzqiewski 1983) , near threshold photodetachment (Rzgzewski et a1 1982, Fedorov and Kazakov 1983) or overlapping autoionising series (Alber and Zoller 1984) . In all these cases the time dependence of the field envelope f(t) leads to significant physical effects. It is therefore extremely useful to get at least the special analytic solutions of (8).
For the case of exponentially growing pulse we were able indeed to find a single solution of (8), providing that at t = --CO the atom was in the ground state (this is, in 0: 2 I a I fact, the only meaningful initial data a: t = -CO). In order to construct this solution we make the ansatz, analogous to (5):
where z ( t ) = exp( y t ) again. Substitution of (9) into (8) leads to a simple recurrence for the coefficients an, @ , , ( U ) . We obtain:
where This way we get the solutions of (8) in the form of absolutely convergent power series. This form is particularly suited for numerical computation. In the special case when l d (~) /~ is a Fano autoionisation profile the series can be expressed in terms of known special functions (Rzqiewski et a1 1985) . Another interesting case, near threshold photodetachment d ( w ) = t9(w)&/(P + w ) , will be studied in detail in a forthcoming publication (Kuklifiski et a1 1985) .
To summarise we have found the first analytic, general solutions of the Bloch equations for time-dependent excitation. Also we have presented the first solution for the bound-free problem with an arbitrary coupling and time dependent excitation.
